We show that the renormalized self-intersection local time γt(x) for both the Brownian motion and symmetric stable process in R 1 is differentiable in the spatial variable and that γ t (0) can be characterized as the continuous process of zero quadratic variation in the decomposition of a natural Dirichlet process. This Dirichlet process is the potential of a random Schwartz distribution. Analogous results for fractional derivatives of self-intersection local times in R 1 and R 2 are also discussed.
Introduction
In their study of the intrinsic Brownian local time sheet and stochastic area integrals for Brownian motion, [14, 15, 16] , Rogers and Walsh were led to analyze the functional
where B t is a 1-dimensional Brownian motion. They showed that A(t, B t ) is not a semimartingale, and in fact showed that
has finite non-zero 4/3-variation. Here L x s is the local time at x, which is
which motivates the subject matter of this paper. We study the process which is formally defined as
where δ is the derivative of the delta-function, and X t is Brownian motion or, more generally, a symmetric stable process in R 1 . The process γ t is related to the self-intersection local time process which is formally defined as
If we set
we obtain a 'near intersection' local time, and formally differentiating in y suggests that (4) is the derivative d dy α t (y) y=0 . The process α t has not been studied much in one dimension since it can be expressed in terms of the local time L y t of the process X t :
The fact that L y t is not differentiable in the spatial variable y indicates that the existence of (4) and its identification as a derivative requires some care.
In two dimensions, even for Brownian motion, α t does not exist and must be 'renormalized' by subtracting off a counterterm. This was first done by Varadhan [22] , and has been the subject of a large literature, see Dynkin [4], Le Gall [12] , Bass and Khoshnevisan [1], Rosen [20, 21] . The resulting renormalized self-intersection local time turns out to be the right tool for the solution of certain "classical" problems such as the asymptotic expansion of the area of the Wiener and stable sausage in the plane and fluctuations of the range of stable random walks. (See Le Gall [11, 10] , Le Gall-Rosen [13] and Rosen [19] ).
The process γ t in R 1 , in a certain sense, is even more singular than selfintersection local time in R 2 , but as we shall see, due to the symmetry properties of δ , there is no need for a counterterm. We begin with a precise definition of γ t , show that it exists, is the spatial derivative of the renormalized self-intersection local time γ t (x) = α t (x) − E α t (x) , and has zero quadratic variation. We then show how it can be characterized as the continuous process of zero quadratic variation in the decomposition of a natural Dirichlet process. This Dirichlet process is the potential of a random Schwartz distribution. Let 
